STRUCTURE AND REPRESENTATIONS OF
NONCOMMUTATIVE JORDAN ALGEBRAS

BY
KEVIN McCRIMMON(?)

1. Introduction. The first three sections of this paper are devoted to proving
an analogue of N. Jacobson’s Coordinatization Theorem [6], [7] for noncom-
mutative Jordan algebras with n =3 ‘‘connected’’ idempotents which charac-
terizes such algebras as commutative Jordan algebras $(D,,7) or split quasi-
associative algebras D) The proof proceeds by using certain deformations of
the algebra and the base field which reduce the theorem to the special cases when
the ““indicator’’ ¢ is % or 0, and then using the Peirce decomposition to show that
in these cases the algebra is commutative or associative respectively.

Next we develop the standard structure theory, using the Coordinatization
Theorem to classify the simple algebras. The usual approach of A. A. Albert
[2], [3] and R. H. Ochmke [9] proceeds by constructing an admissable trace
function on the algebra U to show that A *is a simple Jordan algebra, and then
characterizing the possible multiplications in U yielding a given such €A*. Our
approach is in some sense more intrinsic, and has the advantage of dealing simul-
taneously with all characteristics different from 2; the results for characteristic 3
seem to be new.

Another advantage of using the Coordinatization Theorem is that it furnishes
a representation theory (in the sense of Eilenberg [4]) for the class of noncom-
mutative Jordan algebras. The usual theorems hold only for birepresentations
involving algebras of degree = 3; counterexamples are given to show they fail
spectacularly for algebras of degree 1 or 2.

In this paper A will always denote a noncommutative Jordan algebra (not
necessarily finite-dimensional) over a field ® of characteristic # 2. Thus for each
xe€U the linear transformations L.,R,,L,:,R,. commute where L, R, denote
the left and right multiplications by the element y. In linearized form

€)) [E,, Fy] + [Ey’Fx]= 0 (E,F =R,L)
) [Exy+yx’ F.]+ [Eyz+zy’ Fx] + [sz+xz,Fy] =0 (E,F=R,L)
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and these imply [1, pp. 573-575]

©)] L,—-L.L, = R,—RR,

() L,L(L,+R,)+R,,» = RaR,+ L, (L, +R,).

2. Peirce decompositions. We recall here the usual facts about Peirce decompo-
sitions [1, p. 591]. If ee A is an idempotent we have the vector-space direct
sum

®) U= ®U, ®Y,, Uy = {x|ex + xe = ix}

and the associated projections P; on U;; since these are polynomials in L, + R,,
and since

©) [E,,F.]=0 ifxeAy+ Ay, E,F=R,L,
it follows that

©)* [E.,P]=0ifxeAy+A,, E=R,L.
The spaces satisfy

W, AW +AUWcA, xeW=>xe=ex = }ix (i=0,2)
™
xyeWU, =>xy +yxeWy+ .

If e= X_,e is the sum of orthogonal idempotents we have the Peirce decom-
position
n

(8) %[ = ‘2«[" s

i,j=0

where if all indices are distinct we have
Woo = {x|ex+xe=0}, WAy= {x|ex + xe; = ex + xe = 2x},
®* Wo = {x|ex + xe;=ex + xe=x} =Wy,
Wy = {x|ex+xe;=ex + xe; =x} =y,
xeW;;=>ex =xe; (even if i =j#0).
We have the associated projection P;; on U;;, and for distinct indices

913 c Wy, WW;+ Ay Wy < A,

®
QIU%IJ"‘ + 52IﬂCQIi.i < ik ‘21;2_, < 9[,1 + QI,'] + QI”,
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while all other products are zero. Note that oo = W;o =0 if e = 1 is the iden-
tity of 2.

LemMa 1. Ifx,yeU, and z,we W, in (5) then

(10) e(yz +zy)=zy, (yz+zy)e=yz,
(11) Py{(ez)w + w(ez)} = P,{zw}, Po{(ez)w + w(ez)} = Po{wz},
(12) L,z=L,Lz+L,R;z, R,z=R,Lz+R,R,z.

Proof. Replacing x by e in (3) shows L,.L, = R,R,, so e(yz) = L,L,z = R.R,z
= (zy)e = zy — e(zy); the second part of (10) follows by symmetry.

Next, P,{(ezx)w + w(ez)} = P{(ez)w + wz—w(ze)} = P,{wz + (L.,— R,.)w}
= Py{wz + (L.L, — R.R,)w} (by (3)) = P,{zw}, and similarly for the other part
of (11).

Replacing y by e in (2) gives [R,; .. L.] + [R,, L] = 0; allowing this to act
on y, and noting L,y =0, we obtain R,L,y=L.R,y+ L.R,,,,.y. But R,L.y
= (xy)z = L,7, L.R,y = x(yz) = L,L,z, and L.R,,...y = e{y(xz + zx)}
= y{e(xz + zx)} (by (6)) = y(zx) (by (10)) = L,R,z. This yields the first relation
in (12), and the second follows by symmetry.

LemMA 2. If in (5) My <= A, is a subspace with AN, + N, W, =N, for
i=0,2 then mi=Pi{‘lIlm1 +§R1‘l[1} is an ideal in QI;.

Proof. To prove E.{N;} = R, for xe A, E =R, Lit suffices (by definition of
N) to show E P,F{N,} =N, for yeA;, F=R,L. Putting z=e in (2) gives
0=i[E,,F,] + [E,,F.] + [E,.F.] =(i— 1)[E,,F,] + [E,,F.] using (1), where
w=xy+yxeW; by (7). Since i —1#0, E.P.F{RN,} =PEF,{R,} (by (6)*)
< Pi{FyEx{ml}"' Eer{ml} +FeEw{ml}}cPi{Fy{ml}+ Ew{ml}}'i'FePi{Ew{ml}}
(by the assumption on R,) « P{F{N,}} + P{E,.{N,}} = N; as desired.

CorOLLARY. If R, =W, then B =N, + N, + N, is an ideal in A.
Proof. QISRI + ‘ﬁﬂ[ (= mo + 9«[1 + mz =B by definition of m,', ﬂl(mo + mz)

+ R+ M)A <« Ay =B by (7), and Ao+ N) + o + M)W = No + N,
< B if i=0,2 by (7) and the Lemma.

Lemma 3. If for e ® we define U = {x e W, |Lx = Ax} then for i=0,2
we have W AM 4 ALY, = AP,

Proof. If ye %; then by (6) L, and R, commute with L,, hence with L, — AI,
so they leave ker(L, — AI) invariant; by (7) they leave U, invariant, so they leave
invariant A, Nker(L, — AI) = A,

3. Algebras with connected idempotents. If Ae® and ec U is an idempotent
then €*Y(e) = A e) + UL ~*(e) is completely determined by ¢ = A(1—2); it
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can be thought of as the ‘‘eigenspace’’ of L, and R, corresponding to the ‘‘eigen-
value”” ¢. In (8) we set Gif'= €'PY(e;) NE'?(e;). Then we shall say ¢ and e; are
connected if there is a ¢ € ® and u € }?'which is regular [6,p. 1156], [11, p. 19]
in the subalgebra A; + UA;; + A;;; ¢ will be called an indicator of U,;. In this case
there is a v with uv = vu = ¢; + ¢;, and v = (u*) " 'u e (U, + A,)E < € by (7)
and Lemma 3. In this section we assume 1 = Xe; is the sum of n =3 connected
orthogonal idempotents.

LemMA 4. All indicators have a common value ¢, and we have the relations

(13) Ay = € G #s
(14) Wi = Wy W; + ;W (bjk#),
(15) Wy = Pi{Us (i # k),
(16) e Wit Uy (i # k).
If e=e, then

13)* A = N

4* A = P{UA} (1=02),

@15)* W < Uy + U,

Proof. Given i,j (not necessarily distinct) we can find k # i,j by the assumption
that n > 3; take e = ¢,, N, = €¥*Y(¢,) in Lemma 2 where ¢, is an indicator of
Ay Then there are u,veCP*lc N, with e; = Py(e; + ) = Po(uv)e Ny, so by
Lemma 2

Wi = e W; + Wyje; = NeWo + AN = Ny, W Py{No} = Py{ W, Ny + RN UL

Now Ui(e)= X, Wy by (8)% thus by (9) we see P {U,MN, + N,A}
= P, {W; G+ GLPo, + U, CLed + @590, ). This proves

W;; = Wy Wy + W, W
AP ii{mizk s
and also that for i,j, k distinct
A;; < Gl

by Lemma 3. Thus ¢;; = ¢;, for any distinct i,j,k and any choice of indicators,
so clearly they have a common value, say ¢. Then the previous formula becomes

Q[ij (e @E?].
These establish (13), (14), (15). For (16) let x,y e Ay, ze W;; (j # i,k). Putting
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e =e; in (12) we see that the right-hand sides are in U;; by (9), so E.(xy)e U;;
for E=R,L. Then by (6)* with e=¢, E.P,(xy) = P,E(xy) = P,{¥;;} =0. If
w = P;(xy) = Py(xy) then zw =wz =0 for all ze U;;. But by connectivity we
can find u,ve A;; with uv =vu =¢; +¢;, so by (12) L,w =R, w =0, w =0, and
xyeW; + Wy (13)* follows from (13) and the above characterization of UA,(e,),
and similarly (14)* follows from (14) and (15), while (15)* follows from (14)
and (16).

The ¢ € @, which is uniquely determined by the algebra U, will be called the
indicator of .

LEMMA 5. If the indicator is ¢ = % then W is commutative.

Proof. Let B = {x I L,=R.}; if x,yeB then by (3) L,,—R,,=L,,— R,
=L,L,~RR,=L.L,—L,L,=0, and xyeB. Thus B is a subalgebra of UA.
We must show B =U.

Now A(1—1)= }implies Ai=1—-1=4%,s0by (13)* L, =R, =41 on U (e),
and by (7) this shows L, =R,,, and ¢, eB. Hence P;{B} =B since P; is a
polynomial in L, = R,,. Since A;; = P, {AZ} by (15) it will be enough to prove
W, =B for i #k.

If y e A(ey) (i=0,1,2)then from (3) with x = ¢, we get (L,, — % iI)(L, — R,)=0,
so (L,—R)A <A, Thus if ye A, then y*e W, + A, implies (L, — R,2)A
c Wy + Ay; but from (3) with x=y we get (L,—R2)A= (L2 — R;2)A
= (Ly e Ry) (Ly + R,,)?I < (Ly - Ry)QI < Q[l, SO (Lyz - Ryz)QI = 0, Lyz = Ryz, and
y2eB.

Given i# k there is j# i,k by the assumption n= 3. Let xeU;;, yeWj;
then x,yeW;(e;) so xy+yxeB by the above. From (10) we see xy
= e(xy + yx)€B, and then from (14) we get W, =B as desired.

LEMMA 6. If the indicator is ¢ =0 then W is associative.

Proof. A(1 —2)=¢ =0 implies 1 =0 or A= 1. Letting e = ¢,, (13)* shows
A, = 0= A+ AL, Taking x =z, y =e in (3) gives

R, = 0 on A if ze Y,
L, = 0on AN if ze ¥,

since L, =0, R, =T on ALY; dual results hold on AL

We must show [L,,R,] =0 for all xe U;;, ye W,,; since n =3 we see by (8)
that we can always find e = ¢,, such that xe Wy, ye ; (i =0,1,2).

First consider ye ;. Putting z =e in (2) shows [R,,L,] = —[R,,L,] for
y'=xy + yxeU,; hence it suffices to show [L,,R,] =0, and by symmetry we
may suppose ye AL If ze U, then [L,RJz=LR,z=LLy=L,L,y=0 by
(6) and the definition of A’%; if ze A, then [L,,R,]z = L.R,z — Ryz=(L,~I)L,y
= 0 by the second formula above;; if z € A then [L,,R,]z = LR,z = L{W} <A,
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by (15* and [R,L/]z=R,L,z—Lze(R, —D{A} W, so from (1)
[L.R,Jz =[R.,L,Jz€ Ao N A, = 0; similarly [L,,R,]z =0 if ze A{'} We have
thus shown [L,, R,JA=0, ie., [L,R,]=0.

Next, consider ye W,. By (7) [L,,R,]U, = 0; by the first formula above and
Lemma 3 [L,,R,JU"= — R,L A = R,A{¥= 0, and dually [L,,R,JUA" =0.
Now let u,ve A;; then [L,,R,](uv) = x{(uv)y} — {x(uv)}y = x{u(vy)} — {(xu)o}y
= (xu)(vy) — (xu)(vy) =0 by the previous case where [L,,R,]=[L,,R,]=0
for ze Wy, we A, since x,ye Wy and u,v,xu,vy e A,. Then from (14)* and (6)*
[L.,R,]Uo = [L,, R,]Po{ U3} = Po[L,,R,] {U3}}, and this last is zero by what we
just proved. Hence again [L,,R,]A =0 implies [L,,R,]=0.

Finally, if y e %, then putting z = ¢, in (2) yields 2[L,,R,]=0.

4. Mutations. If 9 = (X, -)is an algebra on X and 1€ ® then the A-mutation
of U is the algebra AP = (X, - ,) where

x y=x-y+A—-Dy-x.
Note that A/ is just the symmetrized algebra A™.

The map T:A—>(A+1)/2 is a 1-1 map of ® onto itself with inverse
T ':2-21—1,50in a natural way it carries the field ® = (®, +, *) isomor-
phically onto a field ® = (®,®,®) where

AOp = T(T"A+ T 'W=TQRA+2u—2)=A+pu—1,
AQu = T(T™A T ') =T@u—24—2u+1)=2Ap—A—pu+ 1.

® has zero element T(0) =} and identity T(1)=1.
Consider the double mutation {A*}*); multiplication is given by

X a0y = px-y+(1—py-x
= {M+Q-pA-D}x-y+{pd =)+ M1 -p}y-x
= {Aoux-y+{1-20pu}y-x
and so
an D) (IO NS) (CayD)

If A#4 then A has an inverse p in ®, so we can recover U from AP:
A =AD = YW = (YDYB) However, if A =4 we cannot recover A because
all mutations have the same UA*: QU/D®W) = QWD) = (s 1/D) — Q12 Thys
we cannot so easily recover an associative algebra U from the special Jordan
algebra A*.

Note that an ideal in U remains an ideal in U™, so if A # % ideals in U and
AP coincide. Since LP = AL, + (1—-A)R,, R¥ = AR, + (1— )L, it is clear that
a mutation of a noncommutative Jordan algebra is again a noncommutative
Jordan algebra.



1966] NONCOMMUTATIVE JORDAN ALGEBRAS 193

As an example, a split quasi-associative algebra is a mutation D* of an as-
sociative algebra ©. Then U is quasi-associative if there is an extension Q of ®
such that 9, is a split quasi-associative algebra over Q: Uy =D? for 1eQ.
W is split if and only if Ae®. It is known that the indicator ¢ = A(1—21) of A
is always in @, so it suffices to consider only quadratic extensions Q = ®(1).

These results were first obtained by A. A. Albert [1, pp. 581-584] although he
did not make explicit use of ®.

THEOREM 1 (COORDINATIZATION THEOREM). If U isa noncommutative Jordan
algebra with n =3 connected orthogonal idempotents then either W =DW is
a split quasi-associative algebra determined by the algebra D, of n x n matrices
with entries in D, where D is associative, or W = H(D,,y) is the algebra of self-
adjoint elements of D, relative to a canonical involution determined by y, where
D is associative if n>3 and in any case is an alternative algebra with in-
volution whose self-adjoint elements are in the nucleus.

Proof. If the indicator is ¢ = } then U is commutative by Lemma 5, and
hence it is known [6, p. 1158] that U = $(D,,7) as above.

If ¢ =A(1—2)# } then A+ 1 has an inverse g in ®. Let %A = AW; the {e:}
remain idempotents in QI and since L, + R, =L, + R, the Peirce decompositions
remain in the same: ;= A;;. If xe?I[f](e) thene' x=te'x +(1—7)x-e =
={to+(1-79)(1-0)}x ={rOQ0}x. Since pOi=1, pO(1-1)=0 we see
A= L1 QL -4 = (191 and so from (13) ‘)I Gi5~“=(~§,[}’]. By assumption
there are u;;,v;; e@[ol with u;;, v, = w;v= v,,-u,.j=e,~+ej, so e; and e¢;
are connected in 9. By Lemma 6 9 is associative. Denoting -, by juxtaposition
(parentheses are unnecessary by associativity) we set e;; =u,,e;v,; (where
Uy, =vy; =e;). Then e; e, =ue,v,u,e,0, = Syl e0,, = d,e, since (8)*
shows e,v,juy ey = vyjejeuy = 00y jeuy; = dpe vyjuy; = Ope; (Vyuy; = ey t+e;
if1%#j,v,,uy, =e,). Thus e;; are matrix units, and this implies A="2, for D
associative. By (17) we obtain ‘II {AWYD = PO = DB,

5. Structure theory. Throughout this section we will be concerned with finite-
dimensional algebras. A finite-dimensional noncommutative Jordan algebra is
simple it it has no proper ideals and is not a nil algebra, and is semisimple if it
is nonzero and has no nonzero nil ideals; the radical is the maximal nil ideal.

THEOREM 2. If W is a finite-dimensional noncommutative Jordan algebra,
R its radical, then /R is zero or is semisimple. Any semisimple algebra has
an identity and is a direct sum of simple ideals.

Proof. Clearly /R has no nonzero nil ideals, so is zero or semisimple. We
now suppose U is semisimple.

Let e % 0 be a principal idempotent for a minimal ideal I = U (such exist by
finite-dimensionality and the fact that J is not nil). By the Corollary to Lemma 2,
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B =N, + A, + N, is an ideal in A. Now eeJ implies A, = (L, + RH)A,; =T,
s0 N; = P{WA} < P{J} =3, and thus B = J.

We claim B = 0. Suppose not; then by minimality B <« I=B =3, and thus
eeB. Let B =B, where Q is the algebraic closure of ®. It is standard that
e= Xie; is a sum of orthogonal primitive idempotents in ?g (ie., for i#0 in
(8) ¢; is the only nonzero idempotent in B,;; this implies B,; = Qe; + 3, where
3: is a nil subalgebra [8, p. 702]). Now e principal = 9, nil = g - nilpotent
= ¢ nilpotent = A, nil (nil and nilpotent being the same for finite-dimen-
sional commutatlve Jordan algebras [3, p. 553]) so 2300 is nil. It is well known
[1] that if xeB;, then _Poo{x?} nil implies P;{x*}nil(*), hence P;{x*} c3,,
By (11) these span P,,{QS,O) 0 P,,{Q}lo} < 3. Then ¢, = Py(e) € Py{B} <P, {N,}
=P {1} c P {B2} = 3, (since A, = B, = LB,,) which is a contradiction.

From B =0 we conclude A, =0, A = A, @ A,; thus Ay, A, are ideals, and
by minimality 2, = e, = J implies I = A, has an identity e. Ideals in I = A,
and | = U, are ideals in A, so J is simple and K is semisimple. Repeating the
procedure with & we finally get A =EPJ; as a direct sum of simple ideals with
identities 1;; then 1 =P1,; is the identity of A.

THEOREM 3. A finite-dimensional central simple noncommutative Jordan
algebra is either

(@) of degree 1,

(b) of degree 2,

(c) a quasi-associative algebra,

(d) a commutative Jordan algebra.

Proof. Since U is central, it is well known that g is also simple for Q the
algebraic closure of ®@. It is clearly enough to prove U, is of type (a)«(d), so we
may as well assume ® algebraically closed from the start.

By Theorem 2, U has an identity 1; since ® is algebraically closed, 1 = Ye
can be written as a sum of n primitive orthogonal idempotents. If n < 2 we have
the case (a) or (b). From now on we suppose n = 3. By Theorem 1 we need
only show the e; are connected.

Taking e = ¢, in the Corollary to Lemma 2 we see B =R, + A, + N, is an
ideal; by simplicity B = A (B =0 would imply A, =0, A=W, ® A, would
have two proper ideals). From this we derive (14), (15), (16), (14)*, (15)* as in
Lemma 4.

Let pe®. For i #j set B;; = €, €, = AB,; + B, Wy, B = Xj»:Pu{C,)
and B =@PB,;. We claim B is an ideal. If i # j, AB;; + B;;A =B follows

() If not, there is an idempotent 0 # f€ ®[P,(x2)"] = ®[P:(x2m)] = ®[x2™] (where m is
chosen so that Pyo(x2m)'= Pyo(x2)™ = 0); then L, commutes with L.,Rx and fx = L;x
= L,(Lx+Rx)e‘ = (Lx+Rx)Lfei = (Lx + Rx)f (since fe %U) = 2fx, fx = O,f(I)[x]=0,f2=0
which is a contradiction.
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from Lemma 3, (16), and the definition of B;;. To show AB,; + B, A =B it
suffices to show A, P, {€;;} + P, {C;;} A, = B. First suppose j # k. Taking e = ¢;,
N, = E”in Lemma 2 we see the left side above is contained in W Ny + NoWo =Ny ;
since N, = X, EF' = X, B, the previous case gives AN, + N, A<B,
No = Po{ AN, + N, A} = Po{B} = B. Finally, suppose j=k. Let ze P,{€},
xe Wy = A;;. By (14) we may assume x = F,v for ue Uy;, ve Wy (I #i,j exists
since n = 3), F = R, L. But ze U,(¢;), ue Wy(e;) so putting z,u, e; into (2) shows
[E.,F,]=0. Then E x = E,F,v = F,E,v; by the case j # k we know E,veB,,
so F,EpeUAB,+B, A< B by the first case considered, and thus E,xeB
for E=R,L. This completes the proof that AVB,; + B,; N = B. Hence B is an
ideal. Since ® is algebraically closed L,, has a nonzero eigenvector in Uy, so
we may find ¢ with €?7# 0, and thus the corresponding B is nonzero. By
simplicity B = U, and we have shown U;; = B,; = €.

As we remarked in Theorem 2, U;; = ®e; + 3;; for 3;; a nil subspace. A;; is
spanned by the P {u®} for ueU,; by (15), so there exists a u with
u? = e, + z; + Pe; + zi. and a #0. This implies (see footnote 2) that B+# 0,
so u? is regular in Ay; + Wy, hence u € Ay = P is regular. Thus e; and ¢, are
connected, and we can apply Theorem 1.

Theorems 2 and 3 are due to R. H. Oechmke [9, p. 229] for characteristic dif-
ferent from 3. It should be noted that he proved Theorem 2 for the much more
general case of flexible power-associative algebras.

6. Birepresentations. A birepresentation of the noncommutative Jordan al-
gebra A on a bimodule M is a pair (L,R) of linear maps a > L,, a—> R, of A
into the algebra (I, M) of linear transformations on the vector space MM which
turns the split null extension € = A HIM into a noncommutative Jordan algebra
(multiplication in € is defined by a*b=ab,a-m=Lm, m-a=Rm, m-n=0
for a,be W and m,neIN). Explicitly, the conditions on (L,R) are

(@ [L.,R,]=0,

(b) La — L,Ly, = Ryu — R,R,,

(c) [La’Raz] =0,

(d L,L(L,+R)+ Ry =R, R,+L,(L,+R,).

Clearly these are necessary by (3), (4). It is well known [10, p. 473] that € is a
noncommutative Jordan algebra if

[Lx’ Rx] =0= [Lx’ Rx2]

for all xe®. Writing x =a + m and expanding these relations, the terms in-
volving only a’s vanish on U by definition of noncommutative Jordan algebra
and on M by (a),(c); the terms involving two or more m’s vanish since M is an
ideal in € with 92 = 0; for the same reason the terms involving one m vanish
on YN, and they vanish on all b e U by (b),(d). Thus, the conditions are sufficient.
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Suppose U has an identity 1 and I is a bimodule for A; by (5) we have a
Peirce decomposition

@ = &o @ (51 @ (Ez
relative to 1. Since 9t is an ideal in € we have
wl = mto @ﬂnl @mzz

for M; = P,{IM} <= €;. Notice that by (6) A = €, shows the M, are sub-bimodules
of M. We have L,=R,=0 on M, €, for acA <€, by (6), so L=R=0
on NViy; M, is a zero bimodule. On M, we have R, =L, =1, so M, is a iunital
bimodule. M, will be called a special bimodule even though in general little can
be said about its structure; we have R, + L, =1 on I, .

An UA-bimodule IN is irreducible if it is not the zero bimodule and has no
proper subbimodules, and is completely reducible if it is a direct sum of irre-
ducible bimodules.

7. Pathologies. Here we will show that for algebras of degree 1 or 2 the usual
structure theorems for bimodules fail to hold.

ExampLE 1. A=®1, L, =T, R;=I—T where T is an arbitrary linear transform-
ation on a (perhaps infinite-dimensional) space X. (a) and (c) are trivial, (b) follows
from L,., - L,L,=T—-T*=(I-T)—( — T)>=R,.; — R,R,;,and (d) from
L,L(L; +R)+ Ry =T*+(I-T)=(I-T)*+T=R,.;R; + L{.,(L;+R)).
Thus (L, R) gives a special birepresentation of W on X.

Naturally all unital U-bimodules are completely reducible and all irreducible
birepresentations are finite-dimensional, but the above special bimodule need be
completely reducible and the enveloping associative algebra of the birepresenta-
tion need not be finite-dimensional. From this example we can construct unital
birepresentations of the semisimple algebra ®e, @ ®e, which are not completely
reducible by setting L,, =R,, =T, R,, =L,, =1 —T. There are infinitely many
nonisomorphic irreducible finite-dimensional special 2-bimodules, one for each
irreducible polynomial p(x) in ®[x] (take T to be cyclic with p(x) as its minimum
polynomial).

EXAMPLE 2. U =®1 +IN is the Jordan algebra of degree 2 defined by a
bilinear form (m,n) on M. If {m;} is a basis forM,set L, =R, =1, L, =—R,,=T
where again the T, are any linear transformations on X. The symmetrized bire-
presentation L) = (L, + R,)/2 is thus just the trace birepresentation a — (tr a) I,
and this is always a (commutative) Jordan birepresentation. Now it is standard
[10, p. 473] that if € is flexible and €* is Jordan then€ is a noncommutative
Jordan algebra; we have just seen €+ is Jordan, so it only remains to check
flexibility. (a) is trivial since for a = A1+ m, R,=2AI—L,; (b) is trivial if
a or bis 1, and if a=m;, b=m; then L, — L,L, = (m, my)I — T.T;
=(mj,m)l — (=T, (— T)) = Ryy — R;R,.
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Hence we have constructed a unital birepresentation which again need not be
completely reducible or have finite-dimensional enveloping algebra. But it is even
worse than that. Assuming the dimension of I to be greater than 1, let X have
basis {x,},., and take T, =S, T,=S,, T;=0 (i>2) where S is the shift
operator Sx, = x,,, and where S,,x,=0 (if m does not divide n), S,,X;,=X_;. One
easily verifies that S, =SS,S™, and thus the birepresentations for different
choices of m are nonisomorphic. It is not hard to check that for m =2 the
bimodules are irreducible, and hence we have found infinitely many nonisomorphic
infinite-dimensional irreducible unital A-bimodules.

8. Representation theory. The pathologies of the last section show that we
cannot hope to prove complete reducibility of representations involving algebras
of degree 1 or 2, so we content ourselves with

THEOREM 4. If A = DU, is a finite-dimensional separable noncommutative
Jordan algebra whose simple summands W; are of degree =3 then every
A-bimodule is completely reducible.

Proof. By separability it suffices to assume ® is algebraically closed. Suppose
B is any simple noncommutative Jordan algebra over ® with identity 1 = Xe,
which is the sum of n = 3 connected idempotents, and let N be a special B-bi-
module. Relative to {e;} the split null extension F =B @ N has the Peirce de-
composition F = €D &;; by (8), and since N is special it has the Peirce decom-
position 9 =PN,,. By connectivity, for i,j,0# there are u;;,v;;e €L with
u;v;; = ¢; + ej (where ¢ = A(1—2) is the indicator of B: 4 € @ since P algebraically
closed). Then ;o= (u;v;)Mi0 + Rio(u;jv;) = N by (12) and Lemma 3,
hence

(18) N = €Y1 = N + REHD);

since B is contained in the Peirce space §,(1) relative to 1, Lemma 3 shows the
R(1) are sub-bimodules.

Now suppose M is an A-bimodule, where W is as in the statement of the theorem.
Applying the Peirce decomposition (8) relative to the idempotent 1 = X1,
to the split null extension € = WDIN (where 1; is the identity of WA; — note
that 1 need not be the identity of €) we get

(E = @ GU’
i,j=0

9:R= @ EIRU.
i,j=0

Since U; = €; we see by (9) that each IN;; is a sub-A-bimodule, so it suffices to
prove each IM;; is completely reducible.
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Moo is a zero bimodule, hence trivially completely reducible (with the irredu-
cible submodules being the one-dimensional subspaces).

Mo is a special A;-bimodule (i.e. the other UA; act trivially). By (18) we see
Mo =M + M, so it will suffice if MG is completely reducible. If the
indicator of U; is ¢ = } then A=1—A=14; thus L;,=R,, =11 on ML/?, so
for xe;, Lx—Rx’:Lx.h_ng.x=LxL1;_Rlei (by (3)=%(L,—R,),
hence L, =R, and we have a special commutative Jordan bimodule. This is
known to be completely reducible [7, p. 69]. If ¢ # } we may mutate U; so that
it becomes associative; ideals in €; = ; @932“1 coincide with those in its y-muta-
tion (u # %), so it suffices to consider the case where U, is associative and A = 1.
Then for x e U; we have L, — R, x.1;—Ry,.x = LL;,—R,Ry, (by (3)) = L
(since L,,=1, R;,=0 on EDI“]) Thus R, =0, and from (3) L,, = L,L,. Thus
we have an ordinary left module for the simple associative algebra 9;, and this
is obviously completely reducible.

IN;; is a unital W;-bimodule; since A; has n = 3 connected idempotents so does
€, = W, ®M;;. If the indicator of UA; is ¢ = } then €; is commutative by Lemma
5, and I; is completely reducible as a unital commutative Jordan bimodule for
the Jordan algebra ¥U; [7, p. 69]. If ¢ # } we may again perform a mutation
which reduces us to the case ¢ = 0; then €; is associative by Lemma 6, and I;;
is completely reducible as a unital associative bimodule for the associative al-
gebra UA; [7, p. 61].

Finally, consider 9;; (i,j,0 #). This is special as an %U; or A; bimodule, so by
(18) we have M;; =ML =M!?) where ¢,,¢; are the indicators of A, A .
Thus A; and A; must have the same indicator ¢. If ¢ = 1, then as before M;;
is a special Jordan bimodule for the Jordan algebras U, 2;, hence it is completely
reducible [17, p. 69]. The case ¢ # } may be reduced to the case ¢ =0, so we
may assume U;,A; are associative. By (18) it is enough if the sub-bimodules

ML) =P and MEY1) =MLX1)) are completely reducible. As before,
on the first one we have L,,=L,L,, R,=0 for x,ye¥;, R, =R.R,, L, =0
for x,y e U;; hence it is a left module for the simple associative algebras A; and
A; (where U; is anti-isomorphic to Aj). By (3) we have [L,,L,] = [L,,R,]
=[R,,L,]=[0,0] =0 if xe%; and y’eA; corresponds to ye A;, so the rep-
resentations commute, and we have a unital left module for the simple associative
algebra U; ® A (remember @ is algebraically closed, so A;, A; are central). Thus
ML) is completely reducible, and similarly for M'(1,).

Notice that the proof allows us to determine the irreducible bimodules by using
the results of [7] and [6].
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